The similarity law for nonsteady hypersonic flows and requirements for the dynamical similarity of related bodies in free flight by Wong, Thomas J & Hamaker, Frank M
-1},
,,
TECHNICALNOTE 2631
THE SIMILARITYLAWFOR NONSTEADYHYPERSONICFLOWS
ANDREQUIREMENTSFOR THE DYNAMICALSDVIILA.RITY
..
OF RELATEDBODIESIN
By FrankM. Hamakerand
Ames Aeronautical
Moffett Field:
FREE FLIGHT
Thomas J. Wong
lkborator y
, Calif.
Washington
February 1952
. . ..—. . ..+.. . . . .
https://ntrs.nasa.gov/search.jsp?R=19930083486 2020-06-17T20:24:18+00:00Z
I,
IlM
.
.
,/
—.———
‘--iiiiiiliit
C10b5742
.—. . ——- -
NATIONALADWSORYCOMMITTEEFORAERONAUTICS
TECE!lTICALITOTE2631
.
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I
ANDREQUIREMENTS“FORTHEDYNAMICALSIMILARITY
OFRELATEDEODIESINFREEFLIGHT ‘
ByFrankM. HamakerandElkLomasJ.Wong
LsuMMARx
Thesimilari~lawforsteadyhypersonicflowaboutslendershapes
isextendedtononsteadyflows.Similitudefornonsteadyf16wsisfound-
to dependonthesameconditionsa forsteadyflowsplusadditional
conditionsderivedfromthenonsteadymotions-ofthebodiesundercon-
sideration.‘Iheaerodynamicforcesandmomentsarecorrelatedfor
relatedshapesbymeansofthislaw.
Requirementsfordypamicalsimilarityofrelatedshapesinfree
flight$includingthecorrelat~onftheirflightpaths,areobtained
usingtheaerodynanricforcesandmomentsas correlatedby thehypersonic
Similari-@law. In additiontotheconditionsofhypersonicsimilari~,
dynamicalsimilaritydependsuponconditionsderivedfromtheinertial
propertiesofthebodiesandthehnersingfluids.In ordertohave
dynamicalsimilari@, however,rollingmotionsincombinationwithother
motionsmustbe elin&nated.- .
.
, INTRoDucmoN
Thelawofsimilarityforsteadyhypersonicflowshasbeens%udied
insomedetail..Tsien,inreference1,derivedthelawforpotential
flowaboutrelatedslenderbodiesforthe@p-dimensionalndaxially
symmetricalcases.Itwasfoundthatsimilarityoffiowexistswhen
thebodieshavethesamethiclmessdistributionsandwhentheratioof
thefree-streaml.kchnmibertothefinenessratioisthesameineach
flowsystem.Hayes,h’reference2, showedthatthelawshouldremain
validevenwhentheflowincludeshockwavesandvorticim,andindi-
catedthatitshouldapplytomoregeneralthree-iMmensionalf ows.In~
reference3 thelawwasderivedforflowsaboutslenderthree-dimensional
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h termsofparametersrelatingtheMachnunibertothefineness
theaspectratio,andthean.gles+f-flightat itudeofthe
bodies.me correlationfforceandmomentparametersintermsof
thesimilarityparameterswasalsomadeforsimilarflowfields.
Theconsiderationoftheproblemsoffreeflightsuggeststhe
desirabilityofextendingthehypersonicsimilaritylawto coverthe
caseofnonsteadyflows.Lin,Reissner,andl’sien,inreference4,
developednecessaryconditionsforsimilarityofflowaboutoscillating
two-dimensionalbodiesticompressiblefluids,includingflowathyper-
sonicspeeti.An analysisforslen&rthree-dimensionalshapesin
hypersonicflowiSapparentlynotavailable,andhasthereforebeen
undertakeninthepresentreportfollowingmethodshilartothose
employedinreference3.
Thepossibilityofobtaininga hypersonicsimilE&itylawforcor-
relatingtheaerodynamicforcesandmomentsonrelateds~~es infree
flightsuggestsa moregeneraldynamicalproblem,thatofcorrelating
theirmotionswiththeaidofthislaw. Hence,ithasbeenundertaken
todeterminetherequirementsontieinertialpropertiesofrelated
bodiesandtheimnersingfluidsinorderthatsuchbodiesmayexhibit
similarfree-flightpaths,thatis,dynamdcalsimilarity.
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&ection cosinesoftheunit
surface
kh nmber
momentsonbodya%outx,y,z
unitnormslvectorto stiace
Shilaritipmameters
normalvectortothebody
axes,respectively
ofbody
fItiastaticpressure
rolling,pitii43,and
radiusofcur+atureof
vectorfrm-theorigin
pointonthebody
yawingvelocities,respectively
flightpath
ofthecoordinatesystemtoany
characl&isticreference-ea ofbody(S = M)
characteristicdepthor’thicknessofbody
.
componentsofbodyveloci~alongthe X,Y,z =es~
respectively
resultantvelocity
.
Csrtesiancoordinatesfixedrelativetothebody
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X,Y,Z forces,onbodyalongx,y,z axes,respectively
a angleof attack
B angleof sideslip ~
Y ratioofthe’spectiic,heatsoftheimersingfluid
8 angleofroll/ 1.
E,n,c dimensionlesscoordinatescorrespondingto x,y,z,
. .
respectively
timecoorithiate
IJESSOfbody
densityofthefluid
dimensionlesstime coordinate()%gQ$z
perturbationpotentialfunction
potentialfunction
angularveloci@ofthebody
Subscript
free-streamconditions
Superscript
I
vectorquantities
.
Exceptforsynibolsnotedabove,allvariablesusedas subscripts
indicatepartial&lXferentiationwithrespectothemibscriptvsriable.
.
..— — .. ..—. —----- ---- ———.-—- --—---.—— ---- ..-. -.— ——. .— —-—.-— ——-
.
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Em$mARImLAw
FLows
TheBasicLaw
In general.,theanalysisfors~i
7
ofnonsteadyflowsparal-
lelsthatforsteadyflows(seereference3 , thePrincipled~erence
beingthatthenopsteadyflowanalysisisslightlycomplicatedby the
hrlzroauctionof onsteadyflowtermsinthepotentialad energyequa-
tions. Thus,as showninappendixA, theprocedureisto simplifythe
equationsofmotionandboundaryconditionto conformwiththerestric-
tiontohypersonicflowaboutslendershapes,andthentiansfo~ the
resultingexpressionstodimensionlessformsfromwhichtherequirements
forsimilari~offlowaboutrelatedbodyshapesaredetermined.Since
thisanalysisisbasedontheassumptionofpotentialflow,itisdesir-
ableto showthattheresultsarenotinvalidatedby theyresenceof
shockwavesandvortici~intheflow. To showthatthisistrue,the
argumntsofHayesinreference2 areextendedto includenonsteady
flows.
It
tersas
(SeeappendixB.)
isfO~a thatsimilitudependsonthesamesimilarityparame-
forsteady
plusthefollmclig
motionsofbodies:
motion,nsmely,
K-t’%; (1)
Kb’=@ (2)
&.~a (3)
Kp= %$ (4)
~=c (5)
additionalpsrametersarisingfromthenonsteady
(6)
(7)
,>
(8)
.
.
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statementofthelawis
disturbancefi~ fields
7
equivalent,to thatforsteadyflow,namely:
aboutbodieshavingthesamethicbessdis-
tributionsaresimilar,providedthebodiesareundergoingmotionsuch .
thatthesamevalues& thecorrespondingsimilari*P srametersare
obtained.
!thenewsimilari~paameters,~, ~, and1$,C= be titeme~d
ina manneranalogoustothatforthesteady-state2~ters. Toillus-
trate,itisrecalledthattheparametersforhypersonicsimilarimh
steadyflowrequirethatthelocalbodyslopeswithrespectotheflow
directionatcorrespondingpointsonrelatedbodiesbe inverselypropor-
tionalto theirflightMachnumbers.Thisstatementofrequhments
appliesequaMywelltononsteadyflaysifitisunderstood.thatthe
localslopesincludetheapparent(orinduced)onesaswell. In rolling,
forexample,
T
ointsonthe’bodysurfaceperformhelicalmotionsandthe
quantitypbV. in equation(6) is simplyproportionaltotheslopeof
thehelixwithrespectotheflowdirection.It isthusev%lenthat
thisslopemustalso%e inverselyproportionalto theflightMachnuuibm.
Similarargumsntsmaybe appliedtotheapparentslopesarisingframthe
pitchingandyawingmotions,theparenthesizedquantitiesinequati~ns
(7) ad (8) beingproportional to eachof theseslopes,respectively.
@plicatiorioftheLawtotheCorrectionofAerodynamic
ForcesandMoments
Thecorrelationfaerodynamicforcesandmomentsonre~tedbodies
inunsteadyhypersonicflowscanbe developedby considerationofthe
staticpressuredistributionverthebodies.Thepressmerektion
canbe obtainedfroIutheenergyequation(seea~endixA, equation(A2)
andisgiveninthefollowingfornu
Ho
Whenthisexpressionis
. thetheoryandputinto
[1
_7_
~ + 7-1V02 y-l
P 2%2
_- =
7-1(v’+2T~)l+—2a2
simpli-fiedto confomnwiththeassumptionsof
dimensionlessform,thereisobtainedthefunc-
tionalre~tio~hip(fora constant7) -
P p (&7,~,G K;,Kb,Ku,Kp,%, ‘p,Kq,%)—=— (9)P. P.
. .—. .-—-. -.— ----- -- —---— ---- —-—
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AS in the case of steady flow,thew-we ratios = @ S- a$
correspondingpointsin similarnonsteadyhypersonicflowfields.
Thecorrelationftheaerodynamicforcesandmomentsisthen
obtainedwiththeaidofrelation(9) by titegrationftheappropriate
componentsofthepressureforcesovertherelatedshapes.Thiscor-
relationcanbe giveninthefollowingforms:
.
Thesignificanceoftheaboveeq..tionsisthattheforceandmoment
Psmmetersarethe’sameforrehtedshapesundergoingmotionsuchthat
eachofthecorrespondingshilarityparametershasthesamevalue.
Cautionmustbe exercisedintheuseofthecorrelationeqwtio~,
however,astherearecertainbodyshapesforwhichsomeoftheseequa-
tionsareinvalid.l?orexamplej yawingmomentcannotbe correktedfor
thinwingsalonebecauseofthemomentsduetoasymmetricdragbeingof
thesameorderofmgnitudeasthemomentsdueto crossforces.a
D~ON OF TEEREQUDEMENEFORDYKAMICAL
SIMIURITYOFRELAYEDEODIESANDDISCUSSIONOFRESULTS
Therequirementsfordynamicalsimilarityofrelatedbodiesin
freeflightarenowdevelopedtiththeassumptionthattieforcesmd
momentson suchbodiesarecorrelatedby thelswofhypersonicsimSLsX-
ity. If dynamicals~i~ istobe coexistentwithhypersonicsimi” ,
lsri’ty,thenthedynamicalequationsofmotionshouldbe transformedto
thesamedimensionlesscoordinatesystemthatwasusedindeveloping
.
lAnalogoustatementscanbe madefortheratiosoflocaltemperature,
density.andMachnuniberto thefree-streamvalues.
%ee ref=;ence3 for detiils concerningthisrestriction.
.
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therequirementsforhypersonicsimilarity.In addition, tie Velociw
r andforcequantitiesshould$ofcowse~be expressed~ *- ofWer-
sonicsimilarityparameters.
In this dynamicalsystemonly thoseforcesareconsideredwhich
correspondtothe“power‘offllconditioninfreeflight.‘l!hecoordinate
sxesaretakentobe thepincipalaxesofthebodysothatt~eproducts
of inertiavanish.Thedynamicalequationsofmotionofthebody&e
givenby therelations ,
}
(,11)
,
P6 Ix-x-qr (Iy-y- Iz-z)= %
~ ~-y ‘pr (Iz-z- ~-x) = ~
1
(12)
reIz-z-Pq (Ix-x- Iy-y)= %
Thetranslationalandrotationalvelocitiesmaybe expressedinterms
ofhypersonicshilari~parameters,theMachnuniber,andthespeedof
soundofthefreestresmby therelations
,.
.
K=
P k‘aob>q=ao~r= a.‘* I
Similarly,thea&odynamicforcesandmoments
correlationparametersby therelations
(13)
aregivenintermsofthe
..---- . . . . -
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( ).%=MObt Po2
( )%2 % ~t PO2
Substitutingequations(13) ~a (14) intoequations
heatingonlythatlengthofflightpathoverwhich
(U) and
MO can
constant,thefollowingsetofe~uationsisobtained:
1 (aKp 1 ),1 !!d5=3L— —.—,K_&~Kb d.T Ky-y $Kz-z %2 Mo2
(l% 1 1 )KrKP—— —Ky_y dT —.— _Kz-z Kx-x Kb = &m
“1
,,
(14)
(lZ!), and
be considered
(15)
(16)
(17)
(18)
(19)
II
-— ____.— — -—. —.
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.
l’iuc~ ( 1 1 ) Kp Kq—— ——- ——Kz.z dT Kx-x Ky-y Kb =Kb&
wheres
c?!)Kx_x= —
Ix-x
c?DKY-Y= —
‘Y~Y
l.1
(20)
(a.)
(22)
(23)
(24)
inwhich
cbtpo
D=— 2
Theinitialconditionstothissetofequationssretheinitialvalues
ofthehypersonicsimilarityparameters.
Ifbothhypersonicsimilariwanddynamicalsimilarimaretobe
achieved,itisreqpiredthatequations(15) through(20)be independent
of theMachnmber asa separatevariable.Theeliminationf %2
fromequation(18) isimpossibleinthegeneralcase,evenapproximately,
becauseallthetermsinvolvedmsybe ofcomparableorderofmsgnitude.
Consequently,sinceequation(18) is therelationforrollingeffects,
it isindicatedthatflightpathswhichincluderollingcannotbe cor-
relatedby thismethodforobtainingdynamicalsimilarity.4 Formotions
thatdonotinvolveroll,itisseenthatdynamicalsimilarimwill
existfprrelatedshapesifthehypersonicsimilarityparametersandthe
dynamicalsimilari@parametersgiveninequations(21) through(24)
havefixedvalues.Thesedynamicalsimilarityparametersrelatethe
%?heparameter& isa familiaxstability-analysistermknownas the
relativemassfactor.
%or thecaseofpurerolling,therequirementsforsimilarityofmotion
caneasilybe derivedusinga slightlydifferentsetofparameters.
-.. .—.___ ._—. — ..__. . .— - —.———-———. -..— ——— ——-.. --—-- ------ --- —.-
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bodiesandtheimmersingfluids,asweU asthedistri-
massinthebody.
A fsmilisrexampleofmotionswhererollingeffectswouldbe
missingisthecaseofmotionsconfinedto theplaneof symmetryof
thebody,theso-calledlongitudinalmotions.~ *nd tieapplication
ofthisUw tothemoregeneralcasewheretherearelateralmotionsas
wellaslongitudinalones,butnoroll,it isnecessarytohavea suit-
able-try of shapeandtohavetheinertialpropertiessatisfythe
relation
KY-== K=-= (26)
Whenthese conditions are -~ed, the fl~t Paw ofrel-ated
bodiescanbe correlated.As an illustrativeexample,thedisturbed
motionofrelatedmissileshapescanbe examined.Therelatedflight
TathswillhavethesameformwhethertherearestableorUnstalle
oscillations.Thelengthsof correspondingportionsofrelatedflight
pathswouldbeproportionaltothecorrespondinglengthsoftheshapes.
Thispropertycanbe usedtorelatetheamountofdampingintherelated
distur~edflightpaths.As showninappendixC,theradii~of curvalnme
at correspondingpointsoftheflightpathswouldbeproportionaltothe
~roductofthebodylengthandtheflightMachnuniber.S- ofthese
pointsareillustratedintheexamplegiveninfigure1.
, COI’?CLUSIONS
1. Thehypersonicsimilaritylawhasbeenfoundtoapplyasweld.
fornonsteadyflowsasforsteadyflows.me ste*-sti* s~~i~
P~ tersaswellas additionalpsrametersinvobingtheangularveloci-
tiesmustbe satisfied.
2. Itwasfoundthatthemotionsofrelatedbodiesinfreeflight
couldbe correlatedusingthehypersonicsimilariwPammetersandaddi-
tionalparametersrelatingtheinertialpropertiesofthebodiesandthe
airdensities..
3. ‘Ibedynamicalsimilari~ofthefreeflightofrelatedbodies
canbe obtainedformotionswhichincludepitching‘andyawingbutno
rolling.Forpurerollingmotionsimilari@canagainbe achieved.
AmesAeronauticalLaboratory
NationslAdvisoryCon&ttee
MoffettField,Calif.,
,
-,
forAeronautics
Nov.23,1951. .
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APPENDIXA .
TKEEQUATIONSm HYPERSONICSIMIZITUDE
Theanalysisinthissectionparallelstheanalysisforsteady
flowgiveninreference3. Initially,however,anglesofrollarenot
considered.Figure2 showsthecoordinatesystemandindicatesalso
thefree-streamMection andtheangularvelocitiesofthebody.
Thepotentialequationandtheenergyequationfornonsteadyflow
aregiveninthefollowingrelations:
UW + *(Qx2-a2)+ ~(o#-a2) + Q22(@22-a2)+
2(@v@x~+ #yzayoz+Oxz Oxu’z)+
2(OxOxe+~~+Qz dze)=0 (Al)
Usingbodysxes,thepotentialfunctiono hasto
analysis(retainingonlytermsup to secondorder)
bationform:
voa2 Vofx’4X=vo-—-—2 + TX2
02= Voa+qz
+%ao
7-1 (A2)
theaccuracyofthis
thefollowingpertm-
(A3)
Eliminat@gthelocalsoundvelocitya’betweenequations(Al)and(A2),
substitutingequation(A3), andwglectingalltermsabovethesecond
order,theresulting~ersonic eqwtionis.
- ....—- .—. .—-.-—
---- . .——.-.. .. . ---- -- —--- ...– .-—
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Theboundaryisgivenby thebody-shape
fOrm
The
the
conditionofnonormalflowatthesurface
vectorequation
T“ti=o
functionin
where
ii= 2?+mj+-ni
istheunitvectornormaltothesurface.The
shapesisgivenby
(A4) -
nondimensional
(M)
ofthebodyisgivenby
(A6)
(Al’)
conditionforslender
— —
_._— ——-
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1<<1 (My
everywhereonthebody.
w
Theangularvelocitiesofthebodyw-KUcauseanapparentdistor-
tionoftheveloci~vectorat thesurfaceofthebody. lhrpressingthe
~velocim intheform
thevelocityateachyoi.ntonthesurfaceof
vectorcrossproduct
&xS= (qz-ry) $+(rx-pz)
Theboundarycondition(A6)thenbecomes
(F-ijxa). i=o
(A9)
thebodyisgivenby the
j+(py-qx)E (Ale)
/
on thesurfaceofthebodywhich,afterneglectinghigherorderterms,
becomes
Vogx- (Volwy+rx- Pz)gy + (v#9#lx - PY)& = o (All)
Theotherboundaryconditionis
%= ’%:~z=o atx=-m (A12)
Theaffinetransformationrequiredto obtainthedimensionless
formof.theequationsisgivenby thefollo~ setofrebtions:
Theseareusedtotransformequations
folkwingforms:
.
(’Q3)
(A14)
(A4),(All),and(AU) tothe
. .
--- .. —-- .—---
. . ..-. —.—_______
.—..— .. —- -.—-. —-.. .. —- —–--.-—... .. .. .. . . ..— –.-
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1
.,
4( 7+1Kt fq=+“7;1
2 Kb2 1Kt%&(y-1)Kt2fT-1 -I-
[
~2KPf{$&z%(7-l)Kt2fE-(y.-l)— 7-1Kt4fV+(y+l)KtK&f{+—— fq2+&Kt2f~2+Kb 2 Kb2
(iL5)
Thetransformeddifferentialequationofmotion,theta%msformed( boundaryconditions,andthefolldwingparametersformthehypersonic
similaritylawfornonsteadyflows:
(A18)
—..
— ——. .— -
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Anglesofrollwerenotincludedinthisderi~ationas they
unnecessarilycomplicatethealgebra.Hadtheybeenticluded,however,
theresult’wouldbe thesameas abovewiththeadditionalrequirement,
asfoundinreference3,thatforflowsoverrelatedbodiestobe s~-
lartheanglesofrollmu$tbe thesane.Hencetheadditionalhypersonic
similaritypmmeteris
(A.19) ~
It isofinterestonote that the ~arametersfortheangular
velocitiesmaybe
larityparameters
\
derivedbydifferentiationof thesteady-statesimi-
by thedimensionlesstimevariable,tihus:
.
.
(A20)
I __.._. —.—— ..—-— -—--————--.-——-—- ————-— -----—. .—.—.. -. —..
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APPENDIXB
EXTENSIONOFPOTENIEULFLOWANALYSISTO
NONXSENTROPICFLOW
Inreference3 thesimilaritylawwasextendedtononisentropic
steadyflowby usingtheconclusionsofHayesinreference4. me
essentialpointofhisanalysisisasfollows:If thetransformation”
x= Vo$= Moaoq (Bl) -
isusedontheequationforsteady-statehypersonicflowinperturbation
forms
[
7-19Z2
McWxx- l-(7-l):9x–qq$–—— 12a&~-
thereisobtainedtheequation
1.
,.
(B2)
(B3)
%n alltheequationsofthissection,thewindaxesaremadeto coincide “
withthebodyaxesinordernottoobscuretheargument.
“
-.-— .. . . -.. ..— ——
.— .-— ---
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Thisistheexacttwo-dimensionalpotentialequationfornonsteady
provided~ isthetimecoordinate.Inthistransformedquation
19
flow
T
becomesa completepotentialfunctiontisteadofa perturbationeand
a. isthesoundvelocityforno flow.Theboundary,whichwasa surface
inthe xjy,z space,isnowa timedependentcurveinthe y,z plane
correspondingtotheoutlineof”thecrosssectionsofthebody. The
pointofviewoftheobserverinthisrepresentationofhypersonicflow
isthatofmovingwiththefluidovertheboundaryor surfaceofthe
body. Theresultofthehypersonicapproximationisthattheonlydis-
turbancesseenarethosepropa~tedoutwardsfromthebody. Distur-
bancesupstreamanddownstreamoftheobserverareignoredbecauseofthe
small.magnitudeofthevelocityof soundcomparedtothestreamvelocity.
Hayesshowsthatshockwavesandnonisentropicconditionsdonotaffect
thispointof
to1.
Toapply
flowoverthe
sentation,as
view, so longat thelocalMachnuniberislargecompared
thesecoriceptsothisreport,thenonsteadypartofthe
slenderbodymaybe considered,h thetiansfomnedrepre-
simplyanadditionalnonsteadyincrementonthealready
nonstiady-boundary.Infact,thiscanbe d&onstratedanalytically~y
applyingequation(Bl)tothenonsteadyflowequation:
[
% 7+1‘?y2
~ee+%%x- l-(7-l)--5c—---- 7-1%22 ‘a# 1~~-(7-l)”g,Pyy-
s
(B4)
withanadditionalvariablechangeof
obtaining,thereby,thesamee@ation(B3)with ~ replacedby 12.
HenceHayestconclusionsconcerningsteady-stateflowshouldapply
equallywelltononsteadyflows.
.-. .— - —.—..— —. -—... —— —..—— —.. .— ——
.. —-— ——-—.... ~.—- –...—–— --
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AmENmx c
. CORRELAIDOIVOF TEEFLIGE!l’PATHCURVATURE
Considerelatedbodiesmovingthroughproperlyrelatedfluidsin
pathsoffiniteradiusof curvature.Equatingthecentrifugalforce
tothesideforce,thefollowingrelationisobtained:
Vo=’
-=CCPR $ povo% (cl)
Afterrearrangingintermsof simZbrityparameters,equation(Cl)
becomes
Mg . & . ,Omtint
R ‘C% bt
Theparameter~ c~ correlatestheradiiof curvatureat
pointsof similsxflightpaths.
(C2)
corresponding
I
.
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